INTRODUCTION
The increase in the world trade has largely contributed to the expansion in sea traffic and building Ultra Large Container Ships (ULCS) up to 20,000 TEU. Structure design of such large ships is at the margin of the classification rules. Due to increase in size and speed the natural frequencies of the hull girder can fall within the range of encounter frequency of wave load. Several important issues affecting ULCS have been identified, i.e. nonlinear quasi-static hydrodynamic loading, springing, slamming, green water and whipping. These problems have been analysed within EU FP7 Project Tools for Ultra Large Container Ships (TULCS) . For the needs of preliminary design beam model of hull girder has been developed, which is described in this paper (Senjanović et al., 2014a) . It is based on the advanced theory of thin-walled girders (Senjanović et al., 2009) . Beam finite element is derived which includes bending, shear, torsional and warping stiffness properties. Also, contribution of transverse bulkheads to the hull stiffness is analysed as well as effectiveness of relatively short engine room structure.
In addition problem of restoring stiffness formulation is considered and a consistent formulation is presented, which is worked out by employing the finite element concept (Senjanović et al., 2013) . Application of the developed theoretical achievements is illustrated by numerical examples of the contemporary ships.
BEAM STRUCTURAL MODEL

Outline of the advanced theory of thin-walled girders
Development is based on the Timoshenko beam theory. The total beam deflection, w, consists of the bending deflection, w b , and the shear deflection, w s , i.e., Fig. 1 . 
The shear deflection is a function of w b
where E and G are the Young's and shear modulus, respectively, while I b and A s are the moment of inertia and shear area of cross-section, respectively. The angle of cross-section rotation is caused by the bending deflection
The cross-sectional forces are the bending moment Concerning torsion, the total twist angle, ψ, consists of the pure twist angle, ψ t , and the shear contribution, ψ s , i.e., Fig. 1 (Senjanović et al., 2009) t s ψ ψ ψ = + .
Referring to the analogy of torsion and bending (Pavazza, 2005) 
where I w is the warping modulus and I s is the shear inertia modulus. The second beam displacement, which causes warping of cross-section (similarly to the cross-section rotation due to bending, (3)) is a variation of the pure twist angle
The sectional forces include the total torque, T, consisting of the pure torsional torque, T t , and the warping torque T w , (Senjanović et al., 2009) i.e. 
where 
and the bimoment given by
1D FEM procedure for vertical ship hull vibrations is well known in literature. Coupled horizontal and torsional vibrations are a more complex problem. Due to analogy between bending and torsion the same shape functions, represented by Hermitian polynomials, are used. The matrix finite element equation for coupled natural vibrations yields (Senjanović, 1998) = + && e e e e e f k δ m δ , 
Vectors of nodal forces and displacements are
In the above formulae symbols Q, M, T and B w denote shear force, bending moment, torque and warping bimoment, respectively. Also, w, φ, ψ and ϑ are deflection, rotation of cross-section, twist angle and its variation, respectively. The submatrices, which are specified in (Senjanović et al., 2009) , have the following meaning: k bs bending -shear stiffness matrix k wt warping -torsion stiffness matrix m sb shear -bending mass matrix m tw torsion -warping mass matrix m st = m ts T shear -torsion mass matrix. It is obvious that coupling between horizontal and torsional vibrations is realized through the mass matrix due to eccentricity of the center of gravity and shear center.
Before assembling of finite elements it is necessary to transform Eq. (13) in such a way that all the nodal forces as well as nodal displacement, Eqs. (16) and (17), are related to the first and then to the second node. Furthermore, Eq. (13) has to be transformed from local to global coordinate system. The origin of the former is located at the shear center, and that of the latter at the base line.
Contribution of transverse bulkheads to the hull stiffness
A solution of this problem is shown in (Senjanović et al., 2008) , where torsional modulus of ship cross-section is increased proportionally to the bulkhead strain energy. The bulkhead is considered as an orthotropic plate with very strong stool (Szilard, 2004) . The bulkhead strain energy is determined for the given warping of cross-section as a boundary condition. The warping causes bulkhead screwing and bending. Here, only the review of the final results from (Senjanović et al., 2008; 2014a) is presented.
The bulkhead deflection (axial displacement) is assumed in the form of the expected warping, Fig. 2 :
where H is the ship height, b is one half of bulkhead breadth, d is the distance of warping center from double bottom neutral line, y and z are transverse and vertical coordinates, respectively, and ψ ′ is the variation of twist angle.
The bulkhead plating strain energy is negligible comparing to the bulkhead grillage strain energy. The grillage strain energy includes vertical and horizontal bending with contraction, and torsion (Senjanović et al., 2008 
where i y , i z and i t are the average moments of inertia of cross-section and torsional modulus per unit breadth, respectively. 
where I sb , A s and I st are the moment of inertia of cross-section, shear area and torsional modulus, respectively. Quantity h is the stool distance from the inner bottom, Fig. 3 . 
where a is the web height of bulkhead girders (frame spacing), l 0 is the bulkhead spacing, 1 0 l l a = − is the net length, and C is the energy coefficient.
The second term in (21) is the main contribution of the bulkhead as the closed cross-section segment of ship hull, and the third one comprises the bulkhead strain energy.
Contribution of engine room structure to the hull stiffness
Ultra Large Container Ships are characterized by relatively short engine room structure with length of about a half of ship breadth (Senjanović et al., 2011c) . Its complex deformation is illustrated in a case of a 11,400 TEU container ship, Fig.4 . The deck shear deformation is predominant, while hold transverse bulkhead stool is exposed to bending. Due to shortness of the engine room, its transverse bulkheads are skewed but somewhat less pronounced than warping of the hold bulkheads. Warping of the transom is negligible, and that is an important fact when specifying boundary conditions in vibration analysis by a beam model. Detailed description of the procedure for the assessment of engine room influence on hull stiffness is given in (Senjanović et al., 2011d; 2011e) .
A short engine room structure can be considered either as a closed segment with relevant stiffness or as an open segment with increased stiffness due to deck contribution. The latter simulation in fact gives results which agree better with 3D FEM results, than the former one. Deck contribution to hull stiffness can be determined by energy approach, as it is done in the case of transverse bulkheads (Senjanović et al., 2008) . Such a beam model is consistent at global level of energy balance, and that is sufficient for application in ship hydroelastic analysis, where proper natural frequencies and mode shapes of dry hull are required. In the case of short engine room, torsion induces distortion of cross-section while hull bending is negligible. Solution of that complex problem is described here by employing the energy balance approach and concept of the effective stiffness due to reason of simplicity. A closed hull segment is considered as open one with deck influence. For that purpose let us determine deck strain energy. All quantities related to closed and open cross-section are designated by ( ) . * and ( )
As it can be seen in Fig. 4 , the upper deck is exposed to large deformation, while the double bottom in-plane deformation is quite small. The relative axial displacement of the internal upper deck boundaries, with respect to double bottom, is result of their warping
It causes deck in-plane (membrane) deformation. The problem can be solved in an approximate analytical way by considering deck as a beam in horizontal plane. Its horizontal anti-symmetric deflection consists of pure bending and shear contribution, Fig 
which satisfies relevant boundary conditions:
where U b is the boundary bending deflection. Shear deflection depends on bending deflection
where the internal deck cross-section area, 2 A at = , its moment of inertia, (24) and (25). Relation between total boundary deflection and the bending boundary deflection reads
The total internal deck strain energy consists of the bending and shear contributions 2 2 2 1 2
Finally, by taking into account Eqs. (23) and (26), yields On the other hand, total strain energy of the closed hull segment can be obtained by summing up the warping and twisting
strain energy of open segment, denoted as ( )°, the deck strain energy and work of distributed torque x μ , i.e.
where
t I % is the effective torsional modulus which includes both open cross-section and deck effects. Engine room structure is designed in such a way that the hold double skin continuity is ensured and necessary decks are inserted between the double skins. Strain energy is derived for the first (main) deck and for the others it can be assumed that their strain energy is proportional to the deck plating volume, V, and linearly increasing deformation with the deck distance from inner bottom, h, Fig. 3 , since the double bottom is much stiffer than decks. In that way the coefficient C, Eq. (33), by employing (28) 
.
HYDROSTATIC MODEL
In spite of the fact that ship hydroelasticity has been a known issue for many years (Bishop and Price, 1979) , there is still no unique solution for restoring stiffness (Huang and Riggs, 2000; Malenica, 2003; Molin, 2003; Newman, 1994; Price and Wu, 1985; Riggs, 1996) . Actually, two formulations appear to be more reliable, i.e. the physically consistent formulation (Senjanović et al., 2012) which includes variation of static pressure, variation of normal vector and natural mode, and variation of gravity load, and the so called complete (unified) formulation of restoring stiffness (Huang and Riggs, 2000) , which takes ship structural deformation in calm water into account through geometric stiffness. The former is more appropriate for hydroelastic analysis of ship structures, while the latter has been primarily developed for application in offshore structure dynamic analysis, (Senjanović et al., 2011a; 2011b) .
Based on the above facts the consistent formulation of restoring stiffness is summarized and used in this paper, (Senjanović et al., 2012a) . It consists of hydrostatic and gravity parts. Work of the hydrostatic pressure, which represents the generalized force, can be derived in the following form
where ∇ is Hamilton differential operator, H is displacement vector, dS is differential of wetted surface, Z is its depth and n is unit normal vector. According to definition, the stiffness is relation between incremental force and displacement, so it is determined from the variational equation
Furthermore, the modal superposition method is used, and the variation is transmitted to modes, i.e. modal forces and displacements
In that way, Eq. (37) is decomposed into the modal equations
are stiffness coefficients due to pressure, and normal vector and mode contributions, respectively.
Similarly to the pressure part, the generalized gravity force reads
where s ρ and V are structure density and volume, respectively. In order to obtain consistent variational equation, it is necessary to strictly follow the definition of stiffness and to vary displacement vector in (42) and not its derivatives
Application of the modal superposition method leads to the modal variational equation
are the gravity stiffness coefficients. Finally, the complete restoring stiffness coefficients are obtained by summing up its constitutive parts
For practical use finite element formulation of restoring stiffness is developed in (Senjanović et al., 2013) . The stiffness coefficients, Eqs. (40), (41) and (45), are defined by integrals of the shape functions k φ over the ele-
[ ]
where N x , N y , N z are components of the normal vector,
H are components of nodal displacements and h is element thickness, M is number of d.of., i.e. number of shape functions.
Derivation of the finite element geometric stiffness formulation, as a constitutive part of the complete restoring stiffness, is a rather difficult task. Stress components of ship structure in calm sea are treated in the finite element local coordinate system, as they are obtained from FEM analysis, while modal displacements are transformed from the global to local coordinate system. After some manipulations one arrives at the condensed form of modal geometric stiffness.
where xx σ , yx σ , xy σ , and yy σ are in-plane stress components and
Three node triangular element, four node rectangular element, and two node beam element are developed for the above all four coefficients, (Senjanović et al., 2013) .
It is necessary to point out that geometric stiffness (50) consists of three terms for a stress tensor. If one considers a finite element in the xy plane, then the first two terms include membrane (in plane) displacements in x and y directions, while the third term is related to the element deflection in the z direction. Hence, the third term is related to the ordinary geometric stiffness used in structural stability analysis, and therefore alone is not sufficient for hydroelastic analysis. The ordinary geometric stiffness is determined in a more sophisticated way by taking into account both translatory and rotational d.o.f. However, in determining geometric stiffness for needs of hydroelastic analysis, rotational d.o.f. are ignored because the local bending of the plate elements has minor contribution to hull stiffness, both conventional and geometric. That makes the use of membrane shape functions for deflection d.o.f. possible without significant loss of accuracy, as proven by (Senjanoviće et al., 2012b) . As shown in Fig. 8 , the inner barge structure consists of three longitudinal and 24 transverse bulkheads, and four decks. Thickness of all structural elements is 10 mm. The barge mass distribution is determined by specifying the density of the structural elements. In order to impose some vertical bending of the barge in calm sea, the density for elements in the aft and fore region of 36 m length is set to 1 0.260427 The finite element mesh coincides with the topology of the barge structure in order to minimize local deformations vs girder ones. Longitudinal strength in calm water is performed by program NASTRAN. The barge still water sagging with the associated stress distribution is shown in Fig. 9 . The maximum stress occurs in the bottom and upper deck at the midship section, The free vibration calculation is also performed by NASTRAN for the same mass distribution as specified above. The natural frequencies of the first four vertical, horizontal and torsional modes are listed in Table 1 . The first one of each vibration types are shown in Figs. 10, 11 and 12. No coupling between horizontal and torsional vibrations is encountered in this case, since the torsional and gravity centre are the same point. Fig. 10 The first vertical mode, prismatic barge. Fig. 11 The first horizontal mode, prismatic barge. Fig. 12 The first torsional mode, prismatic barge.
Three numerical calculations of restoring stiffness are performed. The first one is for the consistent stiffness with distributed structural mass, Eq. (46). The second calculation is also performed for the consistent stiffness, but the gravity coefficient, m ij C , Eq. (49), is determined by employing the fully lumped masses (without the rotational components). The third calculation deals with the complete restoring stiffness, (Senjanović et al.. 2011a; 2011b) . The calculated coefficients and the resulting stiffness are listed in Table 2 . The following units are used in all calculations: N, m, s, kg. The RAO of horizontal bending moment is shown in Fig. 15 . The maximum peak occurs at 0.78 ω = rad/s. There are some differences of the response curves at the first peak at 0.52 ω = rad/s, while elsewhere in the frequency region the response is the same. That is similar for the RAO of the horizontal shear force, Fig. 16 . In ship hydroelastic analysis the most interesting RAO is that of torsional moment. In the considered case maximum value occurs at 0.575 ω = rad/s, and response curves determined by different restoring stiffness formulations follow each other very well, Fig. 17 .
Influence of consistent and complete restoring stiffness on hydroelastic response is also investigated in case of 9,415 TEU container ship (Senjanović et al., 2014b ). The correlation analysis shows similar relation between the obtained results. 
HYDROELASTICITY ANALYSIS OF CONTAINER SHIP
Ship particulars
A large container ship of 11,400 TEU shown in Fig. 18 
Calculation of contribution of transverse bulkheads
The ship is designed with alternate watertight and support bulkheads. These bulkheads for the considered ship are shown in Fig. 19 . The stiffness parameters of the bulkhead girders are listed in Tables 3 and 4 , while the stool parameters are given in 
m.
The bulkhead strain energy, determined according to Eqs. (19) and (20), is summarized in Table 6 , where also the energy coefficient is calculated as the average value of the watertight and support bulkhead strain energies. Most of the hull induced energy is absorbed by the stool. Thus, the equivalent torsional modulus for midship section yields 1.9
This value is applied for all ship cross-sections as the first approximation.
(a) (b) Fig. 19 Transverse bulkheads of the ship, (a) watertight, (b) support. Influence of the engine room structure As this explained above, it is necessary to decrease torsional stiffness of the engine room structure proportionally to the strain energy of its decks. For this purpose the available results from the literature (Senjanović et al., 2011d; 2011e) are used. In order to adjust hull stiffness, torsional static analysis of a pontoon with engine room, having the ship scantlings is performed by beam and 3D FEM model, Fig. 20 . The obtained results are shown in Fig. 21 , where difference between the ship side and bottom twist angle is obvious. Based on the results obtained in (Senjanović et al., 2011d; 2011e) torsional stiffness of an engine room segment is reduced to 30% of the value obtained for long (infinite) engine room with closed cross-section. 
Ship hydroelastic response
Numerical calculation of ship response to waves is performed for several loading conditions, unit harmonic wave amplitude, and set of heading angles, ship speeds and wave lengths. Here, only some selected results are presented. Transfer functions of vertical bending moment, horizontal bending moment, and torsional moment at the midship section, obtained by using 1D FEM + 3D BEM hydroelastic model for the case of fully loaded ship, are shown in Figs. 26-28 , respectively. The angle of 180° corresponds to the head sea. They are compared to the rigid body ones determined by program HYDROSTAR. Very good agreement is obtained in the lower frequency domain, where the ship behaves as a rigid body, while large discrepancies occur at the resonances of the elastic modes, as expected. Figs. 30 and 31 , some discrepancies between resonant frequencies at cca 2 rad/s, due to rather complex mass modelling in 1D structural model for the considered loading condition, can be noticed. 
Stress concentrations
A knee in the hatch corner at the upper deck level in the middle part of the 11,400 TEU container ship is selected for stress concentration assessment, Fig. 32 . Fine mesh 3D FEM substructure model is presented in Fig. 33 .
It should be mentioned that the real and imaginary component of the response should be calculated separately, and at the end, at the level of stresses should be summed up as complex numbers. Figs. 34 and 35 show the stress distributions in the considered structural detail. The analyzed stress is normal stress along the knee boundary. In order to register it, bar elements are fitted on the knee boundary. Transfer functions of stress concentrations obtained by 1D FEM +3D BEM and 3D FEM + 3D BEM hydroelastic models are presented in Fig. 36 . In the low frequency domain rather high discrepancies can be noticed, while in the high frequency domain, where the springing influence on fatigue damage accumulation is pronounced, quite good agreement is achieved, that is very important. 
CONCLUSION
Beam structural models, commonly used in the preliminary design stage, represent powerful and reliable design tool. Therefore it is important to know the range of the beam model applicability. Due to that fact the existing methodology of ship hydroelasticity analysis was extended to assessment of fatigue damage of ship structural details. The improved methodology of ship hydroelasticity analysis was illustrated by one example, i.e. 11,400 TEU container ship and after the verification of beam model importance of hydroelasticity analysis was demonstrated by comparison of the bending moment transfer functions for the case of rigid and flexible ship structure. Also, applicability of the beam structural model within the hydroelasticity methodlogy was demonstrated by comparison of the transfer functions of stress concentrations for the selected structural detail in the case of 3D and 1D FEM structural model. Although, very good agreement is achieved, especially in the high frequency range where springing influence is pronounced, some minor improvements in the low frequency domain could be done to increase the accuracy of fatigue damage calculation.
Restoring stiffness has large influence on ship hydroelastic response. Its mathematical formulation is rather complex task. Finite element formulation for consistent and complete restoring stiffness is given. Correlation analysis is performed in case of prismatic barge. The consistent restoring stiffness is superior from stability and accuracy point of view.
In the future investigation it is necessary to proceed further to ship motion calculation in irregular waves for different sea states, based on the known transfer functions. Also, model tests and full-scale measurements should be performed, like that undertaken within the TULCS project, to enable the complete validation of the improved model and to extend the Classification Rules for the design and construction of ultra large container ships.
